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Sorry for theorist contamination to
the experimental session

* Does our formula useful to experimental
analysis?
e Simple answer: NO

* Yet, its simplicity appeals to you, as a human
being..



In vacuum
ikl probability
3y formulas

are simple
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In vacuum P is simple
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In matter
probability
formulas are
complicated




Kimura-Takamura-Yokomakura formula
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People used 2 expansion parameters

* ¢ =Am,,? /Am,,2=0.031
* sinf,;=0.146
* Butsin?0,,~0.021 ¢ (s,5™\sqrt{e})
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Probability

S,3=Ve VvS. s,,=¢ perturbation theories

ve—V, L=1000km s,3=0.18 Am3; >0 =0

0.09
0.08
0.07
0.06
0.05

0.04 |
0.03 |
0.02 |

0.01

T

T

TTT

''''''

1.

T

L I B B R B S

Cerveraetal, ===
ours

Ve

—4

5

6 7 8 9

E[GeV]

Probability

Ve—v,, L=4000km s,3=0.18 Am3, >0 3=0

0.25 -

0.20 |

0.15 |

0.05 |

exact ——— |
Cerveraetal, === ]
oyrs =

1 |-

2 3 4 5 6 7 8 9 10

E[GeV]

Figure 3. Comparison between the exact oscillation probability P(v. — v,,) computed numerically
as a function of energy (green dashed line), the one calculated by the Cervera et al. formula (blue
dash-dotted line), and with our formula with large 6,3 corrections (red solid line). The left and the
right panels are for baselines L = 1000 km and L = 4000 km for which the matter density is taken
as 2.8 g/cm? and 3.6 g/cm3, respectively. 63 is taken as sin#;3 = 0.18 and § = 0. The values of
the remaining mixing parameters are the same as given in the caption of figure 1.

Aug 11, 2015

Nufact2015@Rio de Janeiro !



le
expansion

unique

Nature is
simp

o
C
Q)
-+
Q)
£
O
C
O
Q.

Nufact2015@Rio de Janeiro !

Aug 11,2015



— 2 2 ~ "
€ = Am?,,/ Am?;,~ 0.03 as a unique
expansion parameter

e J. Arafune, J. Sato, PRD 1997
* A.Cerveraetal. NPB 2000
e M. Freund, PRD 2001

 E. K. Akhmedov, R. Johansson, M. Lindner, T.
Ohlsson and T. Schwetz, JHEP 2004

 May be many more refs.
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Simple and
Compact
formula for
oscillation
probability in
matter

HM-S.J.Parke, arXiv: 1505.01826
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What we did

* Use unique expansion parameter

)  :-Am?,/Am?,~ 0.03

* We restrict to first orderine (e?2=103 << 1)

By a “magic” we make our formula extremely
simple and compact:

» (As —A_)L
AE

P(ve = ve) = 1 —sin?2¢ sin

Contains all order effect of s;; and matter
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In a nutshell, why became so simple?

Simple expansion by €

\ \ A — AmglL'
P, = 1—sin2'2(155in2( +_2 )2 g
+ 53500, sin* 20 cos 2(¢ — y3) sin(A, — A_)x
9 . , - , ]. . q(/\.*.—A_)I
— 257, 5In2¢ cos2¢sin 2(¢ — 6,3) oL S 5
By “magic” or redefining
the quantities such that

(A —A_)L

P(ve = ve) = 1 —sin?2¢ sin? 1B

Can you do it systematically ?
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— 2 2

Helio-
perturbation
theory

More precisely,
helio-to-terrestrial ratio
perturbation theory
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What people usually do (expansion by ¢)

. d
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What we do: Renormalized helio-

H(z) = Ho(z) + Hi(z):

perturbation theory

— Am2 2
e = Am?,,/Am? _

(2 - - -
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f:-[ L ml‘CIl ren O ) 0
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n

NOTAION ISSUE 3The authors respectfully disagree with each other on this point.
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Diagonalization of tilde{H} = Hat basis
Hy = UlHoUs,  Hy=UJH U,

i ] Am?2, cos2613 —a
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1
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There are
Two ways to
compute P:
V-matrix &

S-matrix

methods

Agree nontrivially !




S-matrix method: Doing perturbation
theory with hat basis

S(L) = UasS(L)U3s = UasUsS(L)U U,

S(L) = Texp [—z’ /0 ’ dxfir(x)]

Hat-S matrix is computed as Q(L) — g”‘}OLS’(L).

-

z'dixn(a;) — 1Q() Hy = e!o? Hye o

L ~
QL) =1+ (—i)‘/0 dxHi(z) + O(€?).
Then, finally

S(L) = UnsUge ™oL L)UI U,
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V matrix method

P(vg = Vo) = bap

— 4 Y RelVaaV Vi Vil sin? O 22T o St v Vi sin i Am)e
7> j>i
vV V_ .
| =v | v mass eigenstate
K — 0 )
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Inverting v,_.. = [...] v(hat), to obtain

1')(_0) Vin—
19(()0) =vO |y,
19_(8) Vin+
1 amme o
V(l) — eAm?cncws)l‘?_Cic::\—OBls) 1 6Am?cn Clzs;isfi\_oew)
B

Then, inserting this to v, = (U23U¢)ail7-(0)
[

1 —EA’m20 6123;26(3—913) 0
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V = Usall Am?2 S12°12%o—613) 1 Am2  2°12%(6-613)
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0 —6Am2 C123128(¢—913) 1

ren.  Ay—Ao
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V matrix result

Mass eigenstate
in matter to O(¢)
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Then, use the general formula

2
AL
P(Vﬁ — Va) = ZVaiVéki e’ 215
i
= * . A — A‘i L . . . A . Az L
— Tof _4ZR6[VaiVBiVajVﬁj] sm2( ? AE ) —2ZIm[VaiVBiVajV,6j] sm( J o7 )
Jj>i >
P(ve = ve) = 1 — 4|Ves|*|Ve-|* sin® = ;;_)L
.5 (A+ — X)L
_ 21, 122 (Ao —A-)L
: .o (Ar —A_)L
P(ve — ve) = 1 —sin®2¢ sin® (A 15 )

. N
sin? ?¢ = <A+ - )‘_) sin? 2613
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P..and P, toordere

Ar —A_)L
Pee P(ve = ve) = 1 —sin?2¢ sin? A+ )
4FE
. 2 Amg, ? 2
sin“2¢ = (/\+ - )‘_) sin“ 20;3

\/ (Am2, — a)* + 4s2,aAm?

ren

P

e — 2
" Jr = €12812€23523C3513
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2

. 2 .2 (’\+ — >‘—) — (Aml?cn - a‘) A'rn?en ) (’\+ - )‘—)L

= | 853 8in” 26,3 + 4eJ, cos § { O — Ao) N — Al sin 1B
(AmZ,)* (A —A)L (A= — X)L (A+ — o)L

+ 8eJr O =2 — 20) O — o) sin 1B sin 1B cos | 0 1B

~ as simple as Cervera et al formula NPB 2000
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sin®26,;

Py=sin%6y, = sin?(AC), (36a)
1 sindcos #38in26,sin26,3sin2 6,3
P, s=—a sin(CA)
) ACcos 6%,
X{cos(CA)—cos((1+A)A)}, (36b)
1 cosdcos By;38in26,sin263sin28
Pcos 5=5a 13 12 13 23 Sln(éA)
ACcos ¢,
X{sin((1+A)A)F sin(CA)}, (36¢)
1—Acos28
Pi=—a—; 2 §in2 0, sin®2 0,5 sin® 6,,A
. 2A(—A+cos26;5)
wsin(2A¢) + q AT &
C4
X sin? 6, sin®2 6,5 sin? B,3sin’(A L), (36d)
p F1+C*+Acos26, 0en 502010 51020
= COS sSin sin
? 2024 cos?6,5 pE TR
X sin 2 6, sin?(AC), (36e)
) c0s2 0, 5in?2 6,
P3=a
AZcos?05(+ +c0s26,,)

Xsinz(%(1+ﬁié)A). (36f)



Pptpt to order ¢

PMM
Py — vy)
2 )2 2
— 1 _ 4 2 2 (Amrcn) {()‘-i- - )‘—) - (Amrcn - a)} ) (/\+ — )\_)L
= 1 — |s538in“ 2¢) + 8eJ, cos § s53 O — A 200 = ho) sin iE
Am2 {(Ay — X)) — (Am? ] _
— Sin2 20230i — e (J'r coS 6/6?3) coS 2023 Mien {((A + ) ))()\ ( Tr;n + a’)} Sin2 (A-I'- 4EA0)L
+ — A-)(A+ — Ao
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— [sin® 202357 — 4e (J cosd/ci3) cos 2623 e {(E\ . A ))(; ( T;r;n tol sin 4E/\0)L
+ — A= )(A-— Ao
_ 2 (AmZ,)° (A=A )L . (A =X)L (AL =X)L
16€J; cosd s54 O = A0 — ) = o) sin 1B sin 1B cos B
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P . toordere

P
Py, — v;)
= — |c2,52, 5in% 2¢ + 4eJ,. cos § cos 203 (Am;?cn)i )tf)‘: /\__;\2—())‘: (_i?)?cn —a)} sin? A+ ;;_)L
+ :sin2 2023c5 — 4€J; cos§ (0050%2;923) Az %\%‘::;‘:) )(;+(f7;f;n + a)}: sin? (A+ ;E)‘O)L
+ :sin2 292382 — 4eJ, cos (Coi§:23) Aoy (()‘)‘:__)\’\——) )(:'—(_A";f;n +a)} : gin2 (A- 4—E)\0)L
B A_)Esz fmj\)o"’m_ ) O - ;EA 2 sin ZEAO)L
x | (c35 — s33) cosd cos (A+ ;E/\O)L — sin d sin (A+ ;E)‘O)L : (3.9)
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P .. by E. K. Akhmedov, T. Ohlsson et al. (JHEPO4)

P(O) = %sm 2923[ (1 — o8 2913 — A) sin —(1 -1 A— C13)A ( cos 2913 — A) X

T Ci3 Cis
1 1 sin® 26
. 24 __ 13 . 2
PW; X sin 5 (1+A+C3)A 22, sin ClgA]
1 1
P}L}) =3 sin? 2023 A{ [Cl2 3%23130 (1+2s%,A+ A )] cos C13Asin(1 + A)A +

+ 2[cfycts — C§2313 + 525535 + (312313 c39)A] X

sin C13A sin® 20,3 sin C 3A
X ——— 1+ A)A + X
013 COS( ) 312 Ci‘?,s 013
A A cos26i3— A .
X [A sin(1 4+ A)A 4+ — A Cra sin C13A —

— (1 — Acos 26,3) cos C]3A] } +

813 sin 260, sin 26 . sin C13A
= 5 A1c2§3 23 {20%3 sin dcp T;S [cos C13A — cos(1 + A)A] —
— c08 2023 cos dcp(1 + A) [cos C13A — cos(1 + A)A]2 —
+ cos 2643 cos dcp(sin(1l + A)A + o8 2213 -4 sin C13A] x
13

sin Cl3A
013

Ci3 = \/Sin2 2015 + (A — cos 263)2. | x [(1—{—23?3A+A2) — (1+A) sin(l—i—A)A] } . (4.11)
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How accurate is the formula?:
equi-probability contour
P.. p

P(v, -> v,) = 95,90,80,...,20,10,5%

ew
P(ue -> V“) = 1,3,5,10,20,30,407%
b_l[lll lllllllll I lllllllll Illll Illlll i i

40

sign(Am?,,) Y.0lEl (g.cm™.GeV)
sign(Am®;,) Y.plE| (g.cm™2.GeV)

—
I l L]
AN 1 LALLLL lllllllllllllllllll 1l

- -2000 -1000 O 1000 2000
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Figruré' 1. The iso-probability contours for the exact (sroli-d blue) and approximate (dashed red)
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How accurate is the formula? #2

P(v, —> v,) = 90,70,50,30,10%

40 TR
S AN
w5 0

= WY
y Q\ > !
~40 ] b kL TEE L 4TRAT LR LML

-2000 -1000 0 1000 200
Aug 11, 2015 L/E (km/GeV)



Not without
problem

The problem is common
for all the perturbative
framework in the market
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Not without problem: v_and v, level crossing

v_and v, level cross !

6 T T T T T b 1 I 1 I T T | T T T | T T T
i | - (2,-)
NO R i I0 1
4= 4 -
i (3.4+) i ]
—_ [ & o [— ]
t\% 2 - % i )
® L @ s (2,0) J
o 07 (20 / oy 1 2 / -
~— N // ~—— " / h
< 1 < [ (1,-) ~ i
-2 — / - _2 - e -
: / i i (3,+4)
W I A ]
! /.-) i )
- / - b -
_6 I 1 1 1 | 1 ! ! | 1 1 1 l 1 ! ! i _6 L l ! 1 1 | 1 1 1 | 1 1 1
-40 -20 0 20 40 -40 -20 0 20 40
Y.pE (g.cm™2.GeV) Y.0E (g.cm™>.GeV)

ren

1 .
A = g | (Ami +a) —sign(dmi,)y(Amd, — o) + dstadm, | + eAmi, ot

>
o
|

2y € Am? (

ren?

1 .
A= g | (Ami +0) + sign(dmi,)y(Amd, — o) + dshadm, | + eAmi ol



Flavor content of v_and v,

* Despite the failure of S N A AN
treating the solar 4— /—
resonance, the flavor .~ |-
content of the states .~ | P
(which participate the o/ ;
solar resonance) are r @ E
properly reproduced 4 o :
off resonance D

-40 -20 0 20 40
Y .0E (g.cm~>.GeV)

A (1072 eV?
I
N\
\J
q[ 1

1 I 1
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Harmony between perturbation
theory and general expression

* Perturbation theory is good: relative simplicity of
the elements of expressions

 The general expression

P(vg = vy) = a8

Pagp— . (/\m" - )\mi)x eap— .
— 4 "Re[VaiVj;Vi; V5] sin? ~= B —2) Im[VaiV3iVi;Vaj] sin

Jj>t Jj>i

* |s good, because “structure revealing”

()‘mj - )‘mi )IE
2F

* Oscillation in matter ~ as simple as oscillation in
vacuum



Some insights, problems, .. (personal
opinion)

So far P theorists (incl. myself) were lazy,, | mean,
they produced lengthy formulas, but didn’t try to
make them simpler by combining terms

We can calculate higher order

The real issue is whether the expression remains

simple and compact = renormalization to order

82 ? P(Vﬂ_*Va):(saB

X Tk . ()\m" - )\mz’)x * T rk .
— 4 " Re[VaiV3; Vi Vaj] sin? = B — 2 Im[VaiV3iVi;Viss) sin

j>i J>i

()\mj - )\mz’)x
2F

To all order P has simple general form
Order € OK, so probably OK to order eN(my guess)
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